Protein folding and design are major biophysical problems, the solution of which would lead to important applications especially in medicine. Here a novel protein model capable of simultaneously provide quantitative protein design and folding is introduced. With computer simulations it is shown that, for a large set of real protein structures, the model produces designed sequences with similar physical properties to the corresponding natural occurring sequences. The designed sequences are not yet fully realistic and require further experimental testing. For an independent set of proteins, notoriously difficult to fold, the correct folding of both the designed and the natural sequences is also demonstrated. The folding properties are characterized by free energy calculations. which not only are consistent among natural and designed proteins, but we also show a remarkable precision when the folded structures are compared to the experimentally determined ones. Ultimately, this novel coarse-grained protein model is unique in the combination of its fundamental three features: its simplicity, its ability to produce natural foldable designed sequences, and its structure prediction precision. The latter demonstrated by free energy calculations. It is also remarkable that low frustration sequences can be obtained with such a simple and universal design procedure, and that the folding of natural proteins shows funnelled free energy landscapes without the need of any potentials based on the native structure.
Computer simulations of the protein folding process have in the last ten years reached amazing level of description and accuracy [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The power of the computers and the understanding of the physics that governs folding allows now for a large screening of the experimental data for instance collected in the Protein Data Bank [17] . From a theoretical point of view a successful approach is the"minimal frustration principle" (MFP) [18] [19] [20] in which protein folding is described as a downhill sliding process in a low frustration energy landscape ("funnelled" shaped) towards the native state. While MFP has been proven for lattice heteropolymers [20] [21] [22] [23] [24] [25] [26] [27] , in more realistic protein representations a residual frustration which prevents the systematic prediction of the native structure of natural sequences is often observed. Off-lattice instead MFP is used as a main justification for the use of structure-based potentials such as the GO [28] and elastic models [29] . In fact, there is still space for development of transferable models that are capable of systematic associating the experimentally determined native structure to natural sequence. Surprisingly, with the exception of few notable examples [30] [31] [32] [33] [34] [35] [36] [37] [38] , it has also been extremely difficult to artificially construct sequences capable of folding into given target protein structures. The group of David Baker [38] introduced a novel procedure to select sequences with low frustration capable of correctly refolding in vitro to their target structure with a success rate between 8% and up to 40% of the total trials. In their work the authors have introduced a set of rules for the design of the local amino acids interactions to disfavour non-native states. After many iterations, a refolding calculation filters out about 90% of the initial sequences that are found not to have a funnelled energy landscape. The complexity of Baker's procedure demonstrates that is not easy to produce sequences with low frustration.
Here we present a novel protein model where low frustration folding is observed both for natural and designed sequences, the latter obtained without the need of negative design.
The novel model is obtained from the optimization of the residue-residue and residue-solvent interaction energy terms under the condition that a large number of sequences designed for 125 test proteins are equal to the corresponding natural sequences. As a result, designed sequences with our model are for several properties comparable to natural ones and fold with a low frustration free energy landscape. We additionally demonstrated that for 15 additional randomly selected proteins, notoriously difficult to fold [39, 40] , the natural sequences correctly refolded to their corresponding native structures with a remarkable precision between 2.5 and 5Å. In other words both quantitative protein design and folding are possible simultaneously. We anticipate that our methodology will have direct application for protein design and structure prediction, but also we expect that it will become a reference point for the development of alternative protein models. For instance, a more or less accurate description can be obtained by adding or removing details from our model, under the condition that the minimum constraint principle remains satisfied.
Recently we have presented many results that point to the existence of a "minimal constraint principle" (MCP) [41] [42] [43] , according to which for a heteropolymer to be designable and foldable it is sufficient that chain is decorated with directional interactions that constrain the configurational space. In the case of proteins we have shown (Caterpillar model [43] ) that the minimum set of constraints translates into the combination of just the backbone molecular geometry and the backbone hydrogen bond interactions (see Fig. 1 ). In what follows we will show that by optimizing the interactions under the condition that natural and designed sequences are the same at constant amino acid composition for a large set of proteins, we will also quantitatively predict the folded structures of natural and designed sequences with similar accuracy. This is possible because our model includes the correct set of interactions that satisfy the MCP and, accordingly, the design procedure [43] alone is capable of predicting if a sequence, either natural or artificial, will fold to the target structure.
Since we cannot model the particular evolutionary pressure that determined the natural amino acid composition, we chose to keep it constant. Such pressure could be due to many factors such as the particular function of the protein or the difficulty of synthesizing each amino acid type. The ansatz of this work is that folding and design can occur also outside such conditions and that is possible to design a foldable artificial protein from an infinite bath of amino acids. Hence, the above evolutionary pressure is taken into account by fixing the composition to the natural one. The optimization scheme that we used is the maximum entropy principle (MEP) already tested for proteins by Seno et al. [44] . MEP states that the more information is used to model a system the lower the associated entropy will be [45] .
Hence, in order to find the optimal parameters that require the least amount of information, all is needed is to maximize the entropy associated with the probability of observing a given protein P (S i , Γ j ), where S i indicates to the sequence and Γ j the three dimensional structure.
The derivation follows closely the one used in the work of Seno et al. [44] (the full derivation is in the Supplemental Material [54] to save space) and we determined that the entropy maximum corresponds to the values of the model parameters ( , E HOH , and Ω in Eq. 1) at which the amino acid hydrophobic/hydrophilic (HP) profile [46] and the interaction energy of each residue with all other are simultaneously equal to the natural ones:
where the index i runs over the N Seq designed sequences for each protein j of length N j , the fold approximately at the same temperature, one could think to rescale the energies to set the folding temperature to the one observed in nature. A schematic representation of the algorithm is reported in Fig. 2 .
To the best of our knowledge our work is the first of his kind to optimize the model parameters by reducing the differences between natural and designed sequences and, thanks to the MCP, is the simplest (in terms of the number of parameters needed) to successfully and quantitatively reproduce both sequences and structures of natural proteins to high precision.
We began by selecting a protein training set from the Protein Data Bank (PDB) [17] , which includes all the proteins that obey the following conditions: a X-Ray structural resolution below 1.5Å, are made of single chains of length ranging from 20 to 200 residues, and do not contain any DNA or RNA. According to the stated conditions we selected 125
proteins (see Tab. S2 of the SM for the complete list of the PDB id's). It is important to stress that we did not select for specific experimental conditions, in particular pH and temperature during the measurements fluctuate significantly among the proteins in the set.
In Fig. 3 and Fig. S3 we plot the comparison of the natural to the designed sequences, the latter obtained with the MEP optimized interaction parameters. The plot shows strong correlation (> 0.9) between the total energy of the designed (abscissa) and natural (ordinate) sequences, and between the profiles of the residue the HP profiles and the energy contribution ( Fig. 3 top and bottom insets and Fig. S3 ). Overall we can conclude that, for all 125 proteins in the training set, the designed proteins are very similar to natural proteins, demonstrating that our procedure can now be used to design realistic protein sequences.
We applied the MEP derived parameters to design 15 randomly selected from independent training sets [39, 40] , and characterized by different secondary and tertiary motives. The composition fixed to the natural one are generated following the design scheme in the SM. The scoring function F score (Eq.S16 in the SM) is then evaluated and the trial parameters are accepted or reject according to a Metropolis like scheme. New parameter sets are generated at each iteration, and the sequences of the proteins in the training set are re-designed by 10 5 simple pair residue swapping moves, which are accepted or rejected according to a standard Metropolis algorithm with the energy defined in Eq.S4 (see SM). During each design iteration, the HP and energy profiles (Eq.S16 in the SM) are averaged over the observed sequences weighted by their Boltzmann weight.
The averaging guarantees that the profiles are calculated over the most probable sequences that, as we showed previously [43] , are robust against mutations and are more thermally stable. After is important to stress for this design we relaxed the constraint on the amino acid composition used during the optimization. Hence, the folding of the designed sequences does not depend on the previous knowledge of the natural amino acid composition, nevertheless the amino acids composition of the artificial sequences is similar to the natural one (see Tab. S3). It has to be said that the artificial sequences appear unusual with repeats of the same amino acid (e.g. for 1gab WDDMIIRRRRFVVYYLWGSMTAEVEAEKGTNGFYYHHHD-FGTKKKAQQQSNNL). Such repeats could be due to the approximations of the model, however it is important to remember that we did not include in the design any information about the function of the protein. In fact there is no reason to expect that natural sequences are the only one capable of folding, and we want to stress again that additional constraints applied during the design procedure would dramatically reduce the volume of the sequence space [47] reducing the probability of repeats. We believe the latter to be the main cause of the repeats since as we will show below the model is capable of refolding also several natural sequences, demonstrating that in the model the presence of repeats is not necessary to stabilize natural protein structures. It is important to stress that during the last step of the MEP optimization the fewer sequences generated with fixed composition do not present the repeating patterns (see Table S5 ). However, this is an interesting problem and deserves a dedicated study that is beyond the objective of this work. Objective of ongoing research is also to experimentally test whether such sequences are capable of folding to the predicted target structures.
In order to apply the model to the folding of both designed and natural sequences, we need to balance the residue energy term with the backbone hydrogen bond term ( parameter α in Eq.S4 in the SM). The energies can be rescaled by choosing the value of α for which designed sequences fold best to their target structures [43] . Hence, we selected four designed sequences from Tab. S4 (PDB ids 2l09,3mx7,chain A of 3obh, and 1qyp), and for each to the ones corresponding to the minimum of the free energy, however, in most cases, they are very similar. This is due to the strong directional nature of the hydrogen bonds which makes them very sensitive to thermal fluctuations. As a consequence, there are isolated structures that might have a lower energy but are not very stable at finite temperature.
To the best of our knowledge our coarse-grained protein model is the simplest, in terms of the number of parameters needed, with a transferable energy function capable of achieving such precision for the prediction of the native folded structures. Also it is one of the very few models that allows for both quantitative proteins design and folding, the latter demonstrated by free energy calculations. It is remarkable that low frustration sequences can be obtained with such a simple and universal design procedure, and that the folding of natural proteins shows funnelled free energy landscapes without the need of any potentials based on the native structure [48] .
Although, the artificial sequences present some unnatural features like repetitions of some amino acids, the sequences designed with a natural amino acid composition share many features with the natural occurring ones, and the native structures of the latter are correctly predicted by our model. Hence, we expect that our designed proteins (see Tab. S4), once synthesized, would fold to the structures used as design targets, which would also represent the ultimate and most important test of our methodology. We hope that our methodology will become an useful tool in experiments requiring alterations of natural proteins, or the total redesign of target protein structures. Of course, constraints on the composition can always be applied to the design procedure with no major changes in the procedure. Moreover, the prediction power of the model gives us high confidence that our and the best (3nmd-E) distance of the folded structure from the native one. For the latter the free energy profile shows a minimum remarkably close to the native state probably due to the highly simplified structure of protein 3nmd-E. The minimum of 2ptl, on the other hand, is located further away from the low DRMSD values than the other proteins. This apparent discrepancy is due to the definition of the DRMSD which includes the contribution from the C α atoms located in the long unstructured tail from the residue 1 to 18. Since the probability of observing that particular conformation in solution is very low, it follows that the particular realization of the native structure has a large entropy penalty. However if we measure the overlap ignoring the contribution from the tail we see that the predicted structure of the protein core is again reasonably close to the experimentally determined one (≈ 5.2Å RMSD). In the insets we compare the experimental structures (in yellow) super-imposed to the equilibrium configurations (in red), and we show that the proteins refolded with a precision between 2.4 and 4.1Å RMSD.
design methodology could be directly used to tackle important open problems of drug design, or used in a multi-scale approach where the results from our model could be refined with a more accurate but also a computationally more expensive protein model. Finally, this work not only extends our previous results obtained with the Caterpillar model, but also strengthens the connection among all our work on lattice heteropolymers and protein unrelated systems such as patchy polymers [41, 49] . The success of the same design strategy for all these systems demonstrates that the minimum constraint principle is a sufficient condition to satisfy for the generalized design of low frustration sequences and the prediction of their proper native state.
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Supplementary Informations Details of the Caterpillar interaction potential
The Caterpillar model [43] is a 5-atom model of the protein backbone (see Fig. 1 ). The degrees of freedom of the model are the torsional angles φ 1 and φ 2 ; all other structural parameters are kept fixed at values from the literature [50] . Backbone hydrogen bonds are modeled with a 10-12 Lennard-Jones type potential using the expression [51] 
where r OH is the distance between the hydrogen atom of the amide group (NH) and the oxygen atom of the carboxyl group (CO) of the main chain. We set σ = 2.0Å, H = −3.1 k B T Ref , and ν = 2 [51] . The side chain interactions are represented by and effective C α -C α sphere-sphere interaction energy given by
where W = 0.4Å, r ij is the distance between the C α atoms at the centres of spheres i and j and r max (r max = 12Å) is the distance at which E ij = ij /2. The ij are the elements a 20 by 20 matrix each defining the strength of the interaction of each type of amino acid with the others (see Tab. S1 for the values optimized with the MEP).
The residue-solvent interaction is modelled as a simple energy penalty towards surfaces exposure of hydrophobic amino acids; the expression has the form
where Γ(r ij ) is given in Eq. (S2), Ω is the threshold for the number of contacts in the native structure above which the amino acid is considered to be fully buried and the i Sol are taken S1 from the the Dolittle hydrophobicity index [46] and are positive for hydrophobic amino acids and negative of the hydrophilic ones. The interaction penalises the exposure (burying) of hydrophobic (hydrophilic) residues above Ω. The formation of sulphur bridges as well as Proline rigid bonds is not included. The total energy of a protein E is then given by:
where E H in Eq. S1 is the total energy of the backbone hydrogen bonds, the α scaling factor is necessary to balance the two contributions to the total energy. Large values of α will tend to break the minimum constraint principle, while small values will over-favour the hydrogen bond term inducing the formation of just helices. Finally E HOH , like α, rescales the Dolittle hydrophobicity [46] scale appropriately.
Max Entropy Derivation
We will consider a set of j ∈ 1, . . . , N Prot proteins each of length N j . To each protein an ensemble of i ∈ 1, . . . , N Seq sequences is designed. Hence the probability P (S i , Γ j ) of having a sequence i on structure j is given by the Boltzmann weight:
where E( , E HOH , Ω)[S i , Γ j ] is the residue interactions energy function in Eq. S4 calculated for sequence S i and conformation Γ j . It is important to stress that since during the design procedure the backbone degrees of freedom of the target structure are kept frozen, the backbone hydrogen bonds are also frozen and so do not play a role in the optimization procedure.
The objective is to determine the unknown parameters , E HOH , and Ω following the MEP procedure. Hence, we need to maximize the entropy associated to the probability distribution P (S i , Γ j ), under the constraint that the designed sequences are as close as possible to the natural ones. Our choice for the constraints is based on the results presented in our previous publication [43] , were we only optimized E HOH , and Ω to match the HP profiles among designed and natural sequences for just protein 1ctf. No optimization of the interaction matrix was performed. Nevertheless, the matching was successful, and the S2 novel energy function was capable of refolding the natural sequence of 1ctf. Let us start by introducing the entropy S associated to P (S i , Γ j )
For simplicity we show the derivation of the maximum entropy principle for P (S i , Γ j ) only under the constraints that designed proteins have an average HP profile close to the natural one, and that P (S i , Γ j ) is normalized. In order to do so we are going to make use of the Lagrange multiplier method, which means that the maximization process is equivalent to find the extremal of the function Λ defined as follows:
where the λ jk and γ j are the Lagrange multiplier and
is the partition function. We now have to derive the Λ function with respect to P keeping the Lagrange multiplier constant and look for the maximum.
which gives for the P (S i , Γ j ) the following expression
Now that we have the relation that connects the Lagrange multiplier with the probability distribution P we can express the function Λ in terms of the Lagrange multipliers only
If we now rearrange the terms inside the sums
We can now derive the condition for the Lagrange multiplier to maximize the functional
This result can be interpreted as follows: the distribution generated by the Lagrange multiplier that makes the average hydrophobic profile equal to the natural one, is also the one that maximizes the entropy. Hence, we selected the following scoring function:
where E Sol is the hydrophobicity scale per residue (see Eq. S3), γ to note that, in order to speed up the sampling of such systems, inevitably rich in local energy traps, we used the Virtual Move Parallel Tempering scheme [52] .
Free Energy Calculations
In order to test the folding behaviour of the designed and natural sequences we used two algorithms that we refer to as DESIGN and FOLDING to design new sequences and to compute the refolding free energies of both designed and natural sequences. Both DESIGN and FOLDING are described in our previous work [43] . The FOLDING simulation starts from a fully stretched chain and the configurational space is explored by means of pivot moves around the dihedral angles and by a crankshaft move [53] . could not determine precisely the folding temperatures T F for all the proteins studied and we only estimated it to be between the highest temperature where the protein is still folded and the one above where the protein is unfolded. However and exact estimate is not essential for the scope of this work, but we plan in the future to study the folding transition more in detail. What we observed in our previous publication [43] for the protein 1CTF is that close to T F folded state has approximately the same free energy as the high temperature disordered globular state S1. It is important to stress that the Virtual Move Parallel Tem-S5 pering biasing scheme is designed to allow the system to explore as much as possible of the free energy landscape and not to drive the system towards the minimum, which means that even if we would start form the folded configuration, the simulation would quickly evolve away from the global minimum. 
DRMSD
The distance root mean square displacement is a standard collective variable used in the field of protein folding to measure the state of the folding transition. When a target structure is given the DRMSD is defined as
where r ij is the distance between the sphere i and j while r T ij is the same distance calculated over the target structure, and N is the chain length. According to Eq.(S17), DRMSD= 0 is S6 possible only when the chain and the target structures are identical. Any structural difference will correspond to larger values of DRMSD, and the larger the value of DRMSD the larger is the number of structures that share the same DRMSD from the target. In order to justify the use of DRMSD instead of more commonly use of RMSD we measured the correlation between the two collective variables. In Fig 2(b) we compare the two quantities and we measured the correlation faction near the free energy minimum. The results indicate that the two quantities are highly correlated for DRMSD> 1.5Å which is compatible with the current resolution of the caterpillar model. 
